
Near-Wall Convection in a Sedimenting Suspension of Fibers

Feng Zhang and Anders A. Dahlkild
Linn�e FLOW Centre, KTH Mechanics, Royal Institute of Technology, 100 44 Stockholm, Sweden

Katarina Gustavsson
Linn�e FLOW Centre, KTH Mathematics, Royal Institute of Technology, 100 44 Stockholm, Sweden

Fredrik Lundell
Linn�e FLOW Centre, KTH Mechanics, Royal Institute of Technology, 100 44 Stockholm, Sweden

Wallenberg Wood Science Centre, KTH Mechanics, Royal Institute of Technology, 100 44 Stockholm, Sweden

DOI 10.1002/aic.14576
Published online August 21, 2014 in Wiley Online Library (wileyonlinelibrary.com)

The sedimentation of a fiber suspension near a vertical wall is investigated numerically. Initially, the near-wall convec-
tion is an upward backflow, which originates from the combined effects of the steric-depleted layer and a hydrodynami-
cally depleted region near the wall. The formation of the hydrodynamically depleted region is elucidated by a
convection-diffusion investigation, in which fibers are classified according to the different directions in which they drift.
For fibers with sufficiently large aspect ratio, the initial near-wall backflow keeps growing. However, the backflow
reverses to downward flow at later times if the aspect ratio is small. This is due to the fiber-wall interactions which
rotate fibers to such angles that make fibers drift away from the wall, inducing a dense region and a correspondingly
downward flow outside the initial backflow. Moreover, the steric-depleted boundary condition is of secondary impor-
tance in the generation and evolution of the near-wall convection. VC 2014 American Institute of Chemical Engineers
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Introduction

When studying the dependence of the sedimentation
velocity of sphere suspensions on the shape of the container
in the dilute regime, Mazur and his coworkers1–3 found that
the relative sedimentation velocity is indeed container-shape
independent. However, there exists a convection of the sus-
pension in which the fluid and particles move together. This
global convection phenomenon, which does depend on the
container shape, has been called intrinsic convection. Bru-
neau et al.4 used a simple model to show that this convection
originates in the buoyancy of the particle-depleted layers
next to the sidewalls. Their model considers a cell with ver-
tical walls and a sedimenting suspension of point-force
spheres distributed uniformly in the cell. The spheres are
allowed to overlap with one another but not with the wall.
Thus, the centers of the spheres cannot come closer to the
wall than one particle radius. As a result, a buoyant particle-
depleted layer can drive an upward flow near the wall, which
drags the bulk of suspension up with it. The circulation is
completed by a downward return flow in the center. Bruneau
et al.5 also extended the model to the three-dimensional
(3-D) case. An experimental investigation6 has confirmed the
existence of a global intrinsic convection of the suspension
superimposed on the settling motion of the particles. How-

ever, the effect was much smaller than predicted and even
disappeared with increasing concentrations.

To our knowledge, this phenomenon has not been investi-

gated in nonspherical particle suspensions. When studying

the concentration fluctuations in sedimentation of orientable

particle suspensions, Saintillan et al.7 in their simulation
model found upward flow at the vertical walls, where a tan-

gential flow boundary condition was applied. However, they

simply attributed this to the particle-depleted layers. Never-
theless, in the current article, this near-wall backflow is stud-

ied in detail by an Eulerian method. The advective fiber

motion is obtained by the slender body approximation com-
plemented with the method of images. We will propose a

different mechanism leading to near-wall particle depletion

essentially independent of steric depletion for nonspherical
particle suspensions.

However, when adopting an Eulerian approach, for exam-
ple, Ref. 8, it is not a trivial matter to capture the unique,
near-wall behavior of fiber suspensions. The simplest and
most easily applied wall boundary condition for the probabil-
ity density function is a simple no-flux condition. However,
for anisotropic particles, the no-flux condition requires some
thought. For example, if the center of a fiber is positioned at
a distance less than l/2 (l is the fiber length) away from a
wall, the fiber is not free to rotate into any orientation as
some configurations place one end of the fiber inside the
wall. Figure 1b illustrates this by showing the closest possi-
ble approach of a fiber center to the two walls of a plane
channel for different orientation angles. Thus, the existence
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of a set of forbidden orientation states close to each wall is
required. The basis for this condition lies in the impenetra-
bility of a rigid particle through a solid wall. Nitsche and
Brenner9 and Nitsche10 presented a general framework for
the construction of the near-wall boundary conditions based
on the impenetrability condition. Schiek and Shaqfeh11

implemented these boundary conditions and showed that the
surface over which the no-flux boundary condition must be
satisfied is a complex hypersurface that forbids any part of
the fiber from penetrating the wall. These hypersurface near-
wall boundary conditions were also used by Krochak et al.12

In the Stokesian limit, a prolate or oblate particle drifts
laterally at intermediate orientations without rotation in an
unbounded fluid. However, when it approaches a wall, the
interaction with the wall will induce rotational motions.
According to the theoretical analysis of Caswell,13 as a parti-
cle approaches the sidewall at small angles, the leading end
of the particle rotates away from the wall (negative angular
velocity), and it turns through the vertical and drifts away.
Although at larger angles, the wall causes the particle to
pivot and then drift away. These two kinds of motions are
termed as “glancing” turn and “reversing” turn, respec-
tively.14 The “glancing” turn was observed by de Mestre15

experimentally. de Mestre and Russel16 theoretically pre-
sented the drag and induced torque on a slender cylinder
translating parallel with or normal to a single plane wall.
The direction and rate of rotation were given for those cases
which also indicate the “glancing” and “reversing” turns.
Russel et al.14 derived the motion of an inertialess rod-like
object falling near a flat wall in Stokes flow. They found
that the rod performs the two kinds of motions near the wall
depending on the initial orientations. They concluded that
between two parallel plates, the rod undergoes a periodic
motion. Experiments and numerical solution confirming the
theoretical analysis were also performed. Particle settling in
a tube is also investigated in a Stokes flow.17,18 In studying
shear-driven and pressure-driven flow, Schiek and Shaqfeh11

argued that when the separation distance of a fiber and wall
is larger than l/2, the translational velocity of the fiber is not
affected by the wall. When the distance is less than l/2, only
the horizontal translational velocity is weakly changed based
on the experiments of Russel et al.14 Thus, it is reasonable
to neglect the change of the hydrodynamic mobility of a

fiber as it approaches a wall. Moreover, this approximation
was also adopted by Krochak et al.12 when they investigated
a fiber suspension in a plane channel flow. According to the
comparison between their experimental data and the model
predictions, they found a good agreement particularly near
the channel walls. However, in the current study on sedi-
menting fiber suspensions, the wall-induced particle motions
will be included.

In this work, we present novel mechanisms for the convec-
tion next to the sidewall in an initially quiescent and well-
mixed suspension. This article is organized as follows: the
methods are described in section Methods, where the steric-
depleted boundary condition is introduced in detail. Addition-
ally, the slender body approximation together with the method
of images are used to calculate the wall-induced motions of a
fiber. The results for different aspect ratios are presented in
section Results, followed by conclusions in the last section.

Methods

Motions of mixture and fibers

A dilute fiber suspension is described by the distribution
function Wðp; x; tÞ denoting the normalized number density
of particles at position x with fiber orientation vector p. The
time evolution of Wðp; x; tÞ is governed by the Fokker–
Planck equation

@

@t
Wðp; x; tÞ1$p � Fp1$x � Fx50 (1)

where the flux densities Fx and Fp are defined by

Fp5 _pðp; x; tÞWðp; x; tÞ2Dp � $pWðp; x; tÞ (2)

Fx5 _xðp; x; tÞWðp; x; tÞ2Dx � $xWðp; x; tÞ (3)

and where $p is the gradient operator in orientation space.
Dp and Dx correspond to rotational diffusion and transla-
tional diffusion of fibers, respectively. _p is the rotational
velocity of a spheroid. _x is the linear velocity of a particle at
position x which can be considered as the sum of the sedi-
mentation velocity of the particle vsðpÞ with orientation vec-
tor p in a quiescent, pure fluid, and the fluid disturbance
velocity uðx; tÞ at position x.19 Conservation of momentum
and volume require

Figure 1. Sketch of the studied vertical planar motion and the computational domain.

(a) Definition of coordinate system, orientation angle, and sketch of velocity profile as generated by density differences in the sus-

pension. (b) Computational domain. The curved lines indicate the closest possible position of a fiber center to the left and right

wall, respectively, for different orientation angles. Three fibers just touching the left wall are displayed by blue lines at angles

/50; p=4; p=2. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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52$P1ðqðaÞ2q0Þg1le$

2u (4)

$ � u50 (5)

where

qðaÞ5aqp1ð12aÞqf (6)

is the local density of the dilute suspension, qf fluid density, qp

particle density, and aðx; tÞ the local volume fraction of the par-
ticles whose average value is a0 � 1. Here, we have introduced
the reduced pressure P5p2q0g � x, where p is the pressure and
q0 is the average suspension density. The effective viscosity le is
simply taken as constant l5mq0 due to the dilute limit.

In the present work, a vertical, columnar planar motion of
the fluid is considered, see Figure 1a. Thus, the disturbance
is assumed to be a planar horizontal wave as introduced by
the presence of the planar vertical wall. Following Zhang
et al.,20 we take the fibers to be oriented in one and the
same plane, that is, the x-y plane, which is an additional sim-
plification of the problem. This was motivated by Zhang
et al.20 through their stability analysis for plane orientation
in an infinite suspension, which qualitatively gave the same
result for growth rates as that obtained by Dahlkild8 using
the full 3-D orientation state of the fibers in a plane wave.
Thus, there is reason to believe that the present results
obtained from the assumption of a planar orientation state
are at least qualitatively correct.

The single orientational dimension is chosen as the angle /
between the fiber major axis and the gravity direction. The hor-
izontal coordinate y is the only nonhomogeneous spatial dimen-
sion. Thus, in the dilute limit and periodic domain, the
rotational motion21 and horizontal component of the linear
velocity see Ref. 8 for details of the particles are, respectively

_/p5
1

2

r221

r211
cos2/21

� �
@u

@y
(7)

_yp52
Fg

8pla
½ln ð2rÞ21:5�sin2/ (8)

where r is the aspect ratio of the fibers and a is half fiber
length. Here, the gravity force Fg5DqgV where Dq is the
density difference of the fibers and the surrounding fluid, g
is the gravitational acceleration, V5pl3=6r2 is the volume of
one fiber.

The active components of the diffusivity tensors are D// and
Dyy. Here, we choose the same diffusivities as Zhang et al.20

Dyy5CyyaVs;D//5C// _c
a0r

ln 2r
(9)

where a5l=2 is half the fiber length, Vs the settling velocity
of a vertical isolated fiber

Vs5
Fg

8pla
½2ln ð2rÞ21� (10)

and _c the magnitude of the shear rate, that is, j@u=@yj. The
parameters are chosen as Cyy 5 0.3 and C//50:3. For more
details, we refer to Zhang et al.20

Steric-depleted boundary condition

Because the fibers are symmetric, the ends of a fiber are
indistinguishable. Thus, periodic boundary conditions are
specified in the orientational dimension /, that is

Wð/; y; tÞ5Wð/1p; y; tÞ (11)

@W
@/
ð/; y; tÞ5 @W

@/
ð/1p; y; tÞ (12)

We consider the orientation angles on half the unit circle
with / 2 ½2p=2;p=2�. Note that the fiber angle is defined
positive, / > 0, if it orients as shown in Figure 1.

Boundary conditions in the horizontal y-direction are
imposed by two vertical walls at a distance W apart. Due to
the impenetrability of the solid walls, we must have

n � F5n/F/1nyFy50 (13)

where n is the local normal to the wall surfaces in y–/ space
(see Figure 1b) separating the allowed and forbidden fiber
orientation states and F is the flux density of the fibers. n is
expressed as follows

nL5
2acos /e/1ey; 0 � / � p=2

acos /e/1ey; 2p=2 � / � 0

(
(14)

on the left side wall, y52 W
2

1asin j/j, and

nR5
2acos /e/2ey; 0 � / � p=2

acos /e/2ey; 2p=2 � / � 0

(
(15)

on the right side wall, y5 W
2

2asin j/j. The flux density
components are

F/5 _/W2D//
@W
@/

(16)

Fy5 _yW2Dyy
@W
@y

(17)

In principle, the normal component of a single fiber’s rota-
tional and translational advective motion must be canceled at
the hypersurface, that is, n/

_/1ny _y50. However, for slender
fibers, this close to wall-interaction would appear in a thin
boundary layer at the hypersurface of the order of the fiber
diameter in thickness. The slender body approximation pre-
sented in the next sub-section to model the influence of the
wall on the fiber motion is not accurate enough to deal with
the lubrication layer that appears as the fiber’s end point
comes close to the wall. Our hypothesis here is that this
layer is of secondary importance as one considers a suspen-
sion of many fibers subjected also to hydrodynamic interac-
tions between fibers. These interactions are modeled by the
diffusion fluxes of translation and rotation. Thus, any advec-
tive flux of fibers that places one end of the fiber through
the wall, due to the deficiency of the near-wall treatment, is
balanced here by a diffusive flux in the opposite direction.
The present model also neglects any additional tangential
flux taking place in the innermost boundary layer close to
the hypersurface. This should be justified as long as the dif-
fusive layer is substantially thicker.

Equation 13 states that any rotational flux that places one
end of the fiber into the walls must be balanced by a transla-
tion flux that moves the center of the fiber away from the
walls. Alternatively, any translational flux that places one
end of the fiber into the walls must be balanced by a rota-
tional flux that orients the fiber closer to the vertical direc-
tion. Note that these boundary conditions alone do not
necessarily include hydrodynamic interactions with the walls,
but rather consider the steric depletion of allowable
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orientation states only. In addition to the periodicity and no-
flux requirements, the normalization constraint is

1

W

ðW=2

2W=2

1

p

ð/1

/2

Wð/; y; tÞd/dy51 (18)

where W is the distance between the sidewalls and functions
/1 and /2 refer to the minimum and maximum allowed
angles in the / direction for a given y position. For the
geometry shown in Figure 1b, /1 and /2 are defined as

/15

p=2; jyj � ðW=22aÞ

arcsin ðy=a1W=lÞ; y � ða2W=2Þ

arcsin ðW=l2y=aÞ; y � ðW=22aÞ

8>><
>>: (19)

and /252/1. Thus, the particle flux in the y–/ plane can
only be tangential to these hypersurfaces. Hereafter, this
kind of boundary condition is referred to as steric-depleted
boundary condition. A less detailed account of the wall
would just require zero translational flux and neglect the
steric depletion of orientation states. This is referred to as
the no-flux boundary condition and is obtained if /1 is
defined as /15p=2 for all y.

Wall influence on a sedimenting fiber

To take into account the influence of a wall on a sediment-
ing fiber, the slender body approximation together with the
method of images will be used. The basic idea behind the
slender body approximation is to approximate the representa-
tion of the effect of a fiber on the fluid by a distribution of
singularities along its axis.22 A nonlocal slender body approxi-
mation can be derived by placing Stokeslets and doublets on
the fiber centerline, then applying the technique of matched
asymptotic to derive the approximate equation. The formula-
tion is closed by enforcing a no-slip condition on the fiber
surface, assuming the velocity to be a function of arc-length
only. In this derivation, higher order terms in e51=2r � 1
have been neglected, and the accuracy of the final equation
for the velocity of the fiber centerline is of order Oðe2ln eÞ.
We will refer to e as the slenderness parameter. For details on
the derivation, see the work of Keller and Rubinow,23 John-
son,24 and G€otz.25 The derivation yields an integral equation
with a modified Stokeslet kernel on the fiber centerline and
relates the fiber forces to the velocity of the centerline. The
formulation includes the nonlocal interaction of the fiber with
itself, as mediated by the surrounding fluid. For a detailed
description of this approach applied to many interacting fibers,
see Tornberg and Gustavsson26; Gustavsson and Tornberg.27

The most common way of including a plane wall is to use
the method of images.28 The idea is that an image fiber,
reflected in the wall, is added to the system and an addi-
tional set of singularities along the image fiber are applied in
such fashion that the resulting velocity field fulfills the zero
velocity condition at the wall.

At a given time, denote the coordinates of the centerline of
a fiber as XðsÞ5xc1sp, where xc denotes the center coordi-
nate and s denotes a coordinate along the fiber centerline. We
will work with a nondimensional form of the formulation
such that 21 � s � 1, which means that the characteristic
length is chosen to be the half-length of the fiber, a. As char-
acteristic velocity and time scales, we use Vs and ts5a=Vs.

The nondimensional form of the equation for the velocity
of the centerline of a fiber is then given by

jð _xc1s _pÞ5½jðI1ppÞ12ðI2ppÞ� � f ðsÞ
1ðI1ppÞ � K½f �ðsÞ1VWðsÞ

(20)

where f is the force distribution on the fiber exerted by the
fluid. The constant j52ln ðe2eÞ. In all these expressions, pp
is a dyadic product, that is, ðppÞij5ðpÞiðpÞj. The integral
operator K½f �ðsÞ, is given by

K½f �ðsÞ5
ð1

21

f ðs0Þ2f ðsÞ
js02sj ds0 (21)

Finally, VW in (20) takes into account the interaction
between the fiber and the wall and is given by

VWðsÞ5
ð1

21

GWðRÞ � f ðs0Þds0 (22)

with Rðs; s0Þ5XðsÞ2XIMðs0Þ where XðsÞ is a point on the
fiber and XIMðs0Þ is a point on the image fiber. GW is the
Green’s function for a flow bounded by a plane wall located
at y 5 0 and is in our case given by

GWðRÞ52SðRÞ12h2GDðRÞ22hGSDðRÞ (23)

where

SijðxÞ5
dij

jxj1
xixj

jxj3

GD
ij ðxÞ56

@

@xj

xi

jxj3

 !
56

dij

jxj3
23

xjxj

jxj5

 !

GSD
ij ðxÞ56

@Si2

@xj
5x2GD

ij ðxÞ6
dj2xi2di2xj

jxj5

with a minus sign for j 5 2 corresponding to the y-direction
and a plus sign for j 5 1, 3, corresponding to the x- and z-
directions.28,29 The distance in the y-direction between a
point on the fiber and the wall is denoted by h.

The unknowns in (20) are the translational and rotational
velocities, _xc and _p, and the force distribution along the fiber
f ðsÞ. To close the formulation, we use the fact that the fibers
are rigid, that is, they must perform a rigid body rotation
and the total force and torque on the fiber must balance the
external forces applied to the system

ð1

21

f ðsÞds5F;

ð1

21

sp 3 f ðsÞds5M (24)

Here, F is given by the gravitational force with a magni-
tude equal to one (due to the nondimensionalization) and the
external torque, M, will be equal to zero.

Instead of discretizing and solving (20) and (24) directly,
we expand the force distribution as a sum of N 1 1 Legendre
polynomials, PnðsÞ

f5
1

2
F1
XN

n51

anPnðsÞ (25)

where the coefficients an are unknown vectors with three
components, one for each direction in space. The choice of
N will be a parameter in the numerical algorithm. With
this approach, the coefficients an, will be given as the solu-
tion to a linear system of equations derived from (20) and
(24) using the force expansion (25), orthogonality proper-
ties of the Legendre polynomials and the fact that the
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operator K in (20) diagonalizes under the Legendre
polynomials.25

The system of equations to be solved for the coefficients,
an, will be of size 3N33N and is

a11D1pp �
XN

k51

Hk1 � ak52
1

2
D1pp �H01 � F (26)

an1cn I2Enppð Þ �
XN

k51

Hkn � ak52
1

2
cn I2Enppð Þ �H0n � F

(27)

with the second equation for n52; . . . ;N. Here

cn5ð2n11Þ=½2ð21j2knÞ�; D15
3

4ðj2k1Þ
; En5

j222kn

2ðj2knÞ

where kn52
Pn

i51ð1=iÞ. The 333 matrix Hkn is defined as

Hkn5

ð1

21

ð1

21

GWðRÞPkðs0Þds0
� �

PnðsÞds

with GW as defined in (23). For full details, see Tornberg
and Gustavsson.26

Once the system of equation for the Legendre coefficients
has been solved, the force distribution can be computed
using (25) and the translational and rotational velocities can
then be computed according to

_xc5
1

2j
½jðI1ppÞ12ðI2ppÞ� � F1

1

2j

ð1

21

VWðsÞds (28)

_p5
3

2j
ðI2ppÞ �

ð1

21

sVWðsÞds (29)

All occurring integrals are evaluated numerically by split-
ting the integration interval into Nq subintervals, using a
three-point Gauss quadrature on each interval.

Numerical implementation

A commercial code, COMSOL multiphysics, is used in our
simulations to obtain the simultaneous solution of the coupled
Fokker–Planck and Navier–Stokes equations with computa-
tional domains shown in Figure 1. Equations 28 and 29 are
solved via a MATLAB package code to get the wall-induced
translational velocity _yw and rotational velocity _/w in the x-y
plane. Thus, the total rotational velocity _/ and total transla-
tional velocity _y of the particles become, respectively

_/5 _/p1 _/w; _y5 _yp1 _yw (30)

In the present article, the Reynolds number Re5lVsq=l is
1023, the crowding number Nc5a0r2 is 0.5 and the separation
distance W5100a. Hereafter, the translational velocities of par-
ticles and disturbance bulk velocities are nondimensionalized by
Vs. Rotational velocities of particles and time t are nondimension-
alized by ts5a=Vs. The distance to the wall y is nondimensional-
ized by a. The wall on the left side is located at y 5 0.

Results

In this section, the near-wall configurations are investi-
gated in detail. The mechanisms of the generation of the
near-wall concentration disturbance and the corresponding
near-wall convection are explained by a convection-diffusion
analysis. The effects of changing the magnitude of the trans-
lational diffusivity and also the aspect ratio of the fibers are

studied. In the end, we show that the effects of the steric-
depleted boundary condition are of secondary importance.

Wall-induced motions of a falling fiber

When a fiber settles near a plane wall, de Mestre and
Russel16 presented the equations for the rotational motions
for /50 and p=2, respectively

_/052
3

2ln ð2rÞ21

y211=2

ð111=y2Þ1=2
2y2

" #
(31)

_/15
3

8ln ð2rÞ24
11 y221
� �

ln 12
1

y2

� �� �
(32)

Note that ð _/0;
_/1Þ � f ðyÞ

2ln ð2rÞ21
. Thus, if the aspect ratio of

the fiber is smaller, the absolute values of _/0 and _/1 are
increased. For aspect ratio r 5 10, the numerical results _/w

from (29) are plotted in Figure 2 together with results from
(31) and (32). It shows that these two results are identical.

In the y–/ phase field, the wall-induced rotational velocity
_/w and translational velocity _yw are calculated and displayed
in Figure 3. Here, / is scaled by p. For 20:5 < / < 0, _/w

is symmetric around /50 whereas _yw is antisymmetric. In
the simulations, the results of _/w and _yw are interpolated on
the grid points linearly.

Large aspect ratio: r 5 30

Using steric-depleted boundary condition and including
the wall-induced motions ( _/w and _yw), the first case is calcu-
lated with aspect ratio r 5 30. To illustrate the effects of the
sidewalls, we show a partial region near the left wall at dif-
ferent times in Figure 4. The suspension is homogeneous
and isotropic in the phase field at t 5 0, that is, Wð/; y; 0Þ51
and uðy; 0Þ50. It shows the evolution of W, u (scaled by Vs)
and the local concentration perturbation of the particles a0.
Here, the local volume fraction aðyÞ is defined as

aðy; tÞ5 a0

p

ð/1

/2

Wð/; y; tÞd/ (33)

and the perturbation is defined as a
0
5a=a021. Note that

although W is a constant at t 5 0, the volume fraction close
to the wall is not a constant, due to the steric depletion of
fibers. Thus, the initial volume fraction changes from zero,
at y 5 0, to a0, at y 5 1, in the steric depletion layer. Ini-
tially, particles settle sideways according to their orienta-
tions, for example, fibers with positive angles drift to the left
side wall as shown in Figure 4a. Thus, strong Fy can be
observed and one also can see the accumulation of fibers
with / > 0 and the absence of fibers with / < 0 near the
wall in the W plot. In parallel with the velocity plot, the
dash-dot line shows the distribution of the volume fraction
of the fibers. In the vicinity of the steric-depleted layer adja-
cent to the wall, there is a narrow fiber-rich layer due to the
fibers with positive angles that accumulate near the wall.
However, outside this fiber-rich layer, there is a wider deple-
tion region which is due to the strong absence of fibers with
negative angles. Accordingly, an upward flow is driven near
the wall, which in fact induces a weak downward flow in the
center. In Figure 4b, the large shear rate in the backflow
adjacent to the wall causes a negative orientational flux of
the fibers, as indicated by the arrows, which makes the fibers
orient themselves closer to /50 and also move closer to the
wall. Thus, as the particles are more aligned with the wall,
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the steric-depleted layer is thinner. Note that the near-wall
backflow grows continuously with time and the rotational
motions of the particles are dominated by the shear. As a
result, strong F/ is obtained. At time t 5 50 in Figure 4c, the
fibers are almost vertically aligned and the deviation from
the vertical is due to the rotational diffusion.20

In all, Figure 4 illustrates that the suspension experiences
an instability as a result of an interaction with the wall. It is
initiated by an asymmetric accumulation/depletion of fibers
with positive/negative angles at the wall but with minor
change of the volume fraction. Subsequently, the nonlinear
advection of particles produce enhanced changes in volume
fraction. The associated shear rate of the flow that is set up,
then enforces the instability in a manner similar to the insta-
bility in an unbounded domain. (In an unbounded domain,
an initially uniform suspension becomes inhomogeneous and
the fibers tend to align in the direction of gravity and clump
together to form streamers.) For a more detailed description
on the concentration instability, we recommend the review
by Guazzelli and Hinch.30 To illustrate the major mecha-

nisms of the generation of the near-wall configurations, some
simplified cases will be presented next.

In Figure 5a, a closeup of Figure 4a is displayed near the
wall. There are two areas (indicated I and II) where a is
smaller than average. Moreover, the outer hydrodynamically
depleted region (II) is wider than the near-wall steric-depleted
layer (I) but the amplitude of the depletion is smaller. To
demonstrate which area causes the backflow, we formulate a
simplified case (shown in Figure 5b) with no-flux boundary
condition which neglects the steric-depleted layer. In other
words, we assume that the fibers can penetrate the wall until
the centers of mass of the fibers reach the wall. The wall-
induced motions ( _/w and _yw) are adjusted to fit the geometry
as well. Except from the fact that the immediate near-wall
volume fraction distribution is different from the original case
(Figure 5a), the results from the second case in Figure 5b are
qualitatively quite similar. Results at later times are not shown
here, but are qualitatively identical to what we have shown in
Figure 4. In the simplified case, backflow is still generated
near the wall, where the hydrodynamically depleted region
appears outside a narrow fiber-rich layer next to the wall.
Thus, the effects of the steric-depleted boundary condition on
the evolution of the suspension are quite minor, and the near-
wall backflow is generated even without the steric depletion
of the fibers close to the wall. Note that the steric-depleted
layer still has some contribution to the backflow, but is the
primary contributor only in the very beginning. This is
explained in the next sub-section. Another simplification is
considered by excluding the wall-induced motions. The results
are shown in Figures 5c, d, applying the steric-depleted
boundary condition and the simplified no-flux boundary condi-
tion, respectively. Comparing Figures 5a, b with 5c, d, one
finds that in this case of large aspect ratio, r 5 30, the wall-
induced motions do not change the overall pattern. The hydro-
dynamically depleted region in Figures 5c, d is slightly wider
and larger in magnitude and makes a larger contribution to
the upward flux. Therefore, the overall effect of the wall
appears insensitive to the details of the choice of boundary
condition and near-wall modeling of the fiber motion. Then,
the question is how the hydrodynamically depleted region is
created. The results from Figure 5c are adopted to do the fol-
lowing analysis.

In a quiescent suspension, fibers just settle according to their
orientation and also diffuse when concentration gradients appear.

Figure 2. Wall-induced rotational velocities, _/w for
aspect ratio r 5 10; NR: Numerical results;
TR: Theoretical results from (31) and (32).

The distance to the wall y is nondimensionalized by a.

The wall on the left side is located at y 5 0. [Color fig-

ure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 3. Single fibre’s wall-induced velocities for aspect ratio r 5 10.

(a) Wall-induced rotational velocity, _/w and (b) wall-induced translational velocity _yw of a single fiber settling near a plane wall in

y–/ phase space. Here, / is scaled by p. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]
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Thus, this problem can be considered a convection-diffusion
problem. At early times, say, we may neglect the small fluid
velocity and shear rate. Fibers are classified according to their ori-

entation angles, that is, in which direction they drift. For fibers
with / > 0 which settle toward the left wall, the convective and
diffusive fluxes shown in Figure 6a are defined as

Figure 4. Aspect ratio r 5 30.

Contour plot of Wðy;/; tÞ (top). Velocity profile uðy; tÞ (solid line) and particle concentration perturbation profile 10a
0

(the dash-

dot line) (bottom) at t 5 10, 30, and 50 from (a) to (c). Arrows indicate the direction of the flux density vector ðFy ;F/Þ. [Color

figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. Aspect ratio r 5 30.

Contour plot of Wðy;/; tÞ (top). Velocity profile uðy; tÞ (solid line) and particle concentration perturbation profile 10a
0

(the dash-

dot line) (bottom) at t 5 10 for different cases. Four cases: (a) steric-depleted boundary condition and wall-induced motions; (b)

no-flux boundary condition and wall-induced motions; (c) steric-depleted boundary condition and no wall-induced motions; (d) no-

flux boundary condition and no wall-induced motions. In (a), the two depleted regions are marked I and II. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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and f 1
y 5f 1

c 1f 1
d . f 1

g is the spatial gradient of f 1
y . The corre-

sponding variables for fibers with / < 0 are displayed in
Figure 6b. The total flux, fy5f 1

y 1f 2
y , and its spatial gradient,

fg, are plotted in Figure 6c together with a
0
. In Figure 6, all

the flux variables are scaled by Vs. As shown in Figures 5c
and 6a, fibers with / > 0 settle toward the wall (giving a
negative convective flux f 1

c ) and accumulate near the wall
(inducing a positive diffusive flux f 1

d ). Note that these two
kinds of fluxes have opposite directions. Also, due to the
existence of the impenetrable wall, they result in a thin
convection-diffusion layer. For fibers settling away from the
wall (/ < 0) shown in Figure 6b, the two kinds of fluxes
also have different directions but the convection here is
away from the wall. They result in a wider convection-
diffusion layer. Thus, the accumulation of fibers going
toward the wall will dominate in a narrow region next to the
wall, whereas the depletion of fibers departing from the wall
will dominate further away from the wall.

In fact, the rate of change of the volume fraction can also be
obtained from the gradients of the fluxes, for example, nega-
tive flux gradient increases the volume fraction. If one com-
pares the range and magnitude of f 1

g and f 2
g , one can see that

the magnitude of f 1
g in Figure 6a is larger than that of f 2

g in
Figure 6b but the range of influence is smaller and limited to
the region nearest the wall. The combined effects of them are
displayed in Figure 6c via fg. The concentration, a0, is strongly
increased in a narrow region near the wall where fg is negative.
On the contrary, the decrease of the concentration further
away from the wall is relatively weaker but appears in a wider
region where fg is positive. This confirms the conclusions we
give based on convection-diffusion layers previously.

For this convection-diffusion problem, one would expect
the behavior to be different with various translational diffu-
sivities. Thus, we present some cases calculated with differ-
ent translational diffusivities (Cyy50:03; 0:3) and also with
no-flux boundary condition and steric-depleted boundary
condition, respectively. The rotational diffusivities are still
the same as in other cases, C//50:3. The backflow is

observed near the wall regardless of the chosen values of
translational diffusivities and boundary conditions. Here, the
concentration distributions and velocities from the cases with
steric-depleted boundary condition are given in Figure 7. At
an early time t 5 10, Figure 7a shows that increasing the dif-
fusivity, a is changed with less magnitude but in a wider
region of influence due to the nature of diffusion. For the
case with smaller Cyy, the deficit of the fibers is more limited
near the wall. Correspondingly, the peak of the velocity is
closer to the wall. However, at a later time t 5 50 shown in
Figure 7b, the near-wall backflow is highly reduced, com-
pared to the case with larger Cyy. With time increasing, the
near-wall backflow will eventually disappear. One can also
expect that the weak near-wall backflow could vanish if Cyy

is even smaller. Instead, a near-wall downward flow can be
observed. However, when the wall-induced motions are not
included, the backflow near the wall is always obtained
regardless of the diffusivities. Thus, the reason of the rever-
sion of the near-wall convection is related to the wall-
induced motions, which will be studied in more detail in the
next section.

Figure 6. Aspect ratio r 5 30 and at t 5 10.

(a) Fluxes of fibers with />0. f1
c : convective flux; f1

d : diffusive flux; f1
y : total flux; f1

g : spatial gradient of f1
y . (b) Fluxes of fibers

with /<0. (c) fy: total flux of all fibers; fg: spatial gradient of fy; a0: concentration perturbation. Negative fluxes are toward the

wall. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 7. Aspect ratio r 5 30 and at time (a) t 5 10 and
(b) 50.

Concentration perturbation distributions a0 and disturb-

ance velocity profiles u, with steric-depleted boundary

condition and different translational diffusivities, Cyy.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Moderate aspect ratio: r 5 10

Another case is carried out with aspect ratio r 5 10 while
the other parameters and conditions are the same as those
of Figure 4. The results are shown in Figure 8. At t 5 10, a
near-wall backflow is created also in this case, alike the
results in Figure 4a. However, the near wall positive peak
of the volume fraction disturbance is absent, and instead
there is an accumulation of fibers outside and adjacent to a
near-wall-depleted region. Correspondingly, a strong down-
ward flow is generated in this extended densified region. As
a result, the near-wall convection is depressed at t 5 30
(Figure 8b) and it reverses to a downward flow at t 5 50 in
Figure 8c. The cases shown in Figure 5 were reconsidered
but now with r 5 10. It was observed that the steric-
depleted boundary condition still has negligible effects on
the evolution (not shown).

For the same case but without wall-induced motions, the
velocities are plotted in Figure 9 at different times. Com-
pared to the case with wall-induced motions shown in Figure
8, the velocities are completely different. Without the wall-
induced motions, the profiles are qualitatively more similar
to the case with large aspect ratio, r 5 30 in Figure 4. This
implies that the wall-induced motions are critical when the
aspect ratio is not significantly large.

To illustrate the effects of wall-induced motions, the con-
centration disturbances of two cases are displayed in Figure
10, in which

a15
1

p

ð/1

0

Wd/2
1

2
; a25

1

p

ð0

/2

Wd/2
1

2
(35)

for the case excluding wall-induced motions and a1
w and a2

w

are for the case including them. Here, a1 and a2 refer to the
concentration disturbances of the fibers with / > 0 and

/ < 0, respectively. When the wall-induced motions are
excluded, one can observe the accumulation of fibers with
/ > 0 and depletion of fibers with / < 0 according to a1

and a2. However, when the wall-induced motions are
included, this concentration disturbance is highly reduced.
Moreover, the gradient of the concentration is smaller.
Thus, diffusion does not play the same major role here.
This change is due to the wall-induced “glancing” turn and
“reversing” turn of the fibers.

Initially, the disturbance flow is small and the rotational
motions of the fibers are dominated by _/w. Considering a
fiber settling sideways toward the wall having an angle /.

Figure 8. As for Figure 4 but with aspect ratio r 5 10.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Aspect ratio r 5 10.

Disturbance velocities at time t 5 10, 20, 30, and 40 when

the wall-induced motions are excluded. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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After a close interaction with wall, for example, by the
“glancing” turn or “reversing” turn, the fiber has an angle 2

/ and translates away from the wall with a horizontal veloc-
ity equal in magnitude but opposite to the approach velocity.
The “reversing” turn is particularly clear from the flux
arrows in Figure 8a. In Figure 11, f r

/ is F/ at /5p=2 and f
g
/

is F/ at /50. The definition of F/ is given in (16). The flux
f r
/ refers to the flux when the fibers turn through the horizon-

tal and f
g
/ refers to the flux when the fibers turn through the

vertical. When _/w is included (Figure 11a), f r
/ illustrates the

significant “reversing” turn and f
g
/ the “glancing” turn, that

is, both of them rotate fibers toward an orientation favorable
for fiber settling away from the wall. Thus, the depletion of
fibers initially with orientation / < 0 due to positive settling
velocity is replenished by the turning of new fibers into this
orientation. However, without wall-induced motions (Figure
11b), f g

/ can be neglected and f r
/ shows a different direction

of the flux. This is due to that the rotational motions are
only controlled by the shear. This would enhance the deple-
tion of fibers near the wall, inducing a strong backflow.

Moreover, according to the nondimensional, wall-induced
rotation rate of the fiber in (31) and (32),

ð _/0;
_/1Þ � f ðyÞ

2ln ð2rÞ21
. Thus, a fiber with smaller aspect ratio

falling near a vertical wall will rotate faster. For the case
with r 5 10, fibers drifting toward the wall rotate to / < 0
rather quickly and then drift away from the wall. Hence, the
deficit of fibers with / < 0 due to drift would be continu-
ously replenished by the reversed fibers in time. For fibers
with very large aspect ratio, they take longer time to rotate
to / < 0. Thus, fibers approaching the wall tend to accumu-
late near the wall rather than turning away from it.

By realizing this, here we also do the flux analysis at
t 5 10 for the case with r 5 10. For fibers with / > 0 (Figure
12a), the convection flux and diffusion flux are smaller than
the fluxes of the case with r 5 30 (Figure 6a). For fibers with
/ < 0 (Figure 12b), the convection flux is inceased next to
the steric-depleted layer as compared to the case r 5 30.
These differences are due to the replenishing of fibers from /
> 0 to / < 0, that is, wall-induced motions of fibers. More-
over, the range of influence of the diffusion flux is decreased.
In Figure 12c, the total flux is positive near the wall, instead
of negative in Figure 6c. According to the gradient of the
flux, the concentration is decreased in the vicinity of the wall
but increased outside, as shown by a0. This is also different
from the case when r 5 30. For fibers with r 5 10, the deple-
tion near the wall is weaker, including both the intensity and
range of the decrease. Thus, the near-wall backflow is corre-
spondingly weaker. Moreover, the outside fiber-rich region
weakens the backflow further. With time increasing, the fiber-
rich region drives a downward flow which drags the near-
wall backflow downward. Eventually, the backflow vanishes
whereas the near-wall depletion still exists. When the aspect
ratio of the fibers is larger, r 5 30, the replenishing of fibers
is weaker, resulting in a stronger depletion near the wall.
Thus, a backflow develops continuously. Meantime, the accu-
mulation of fibers outside the near-wall depletion is also
weaker and not enough to generate downward flow to drag
the near-wall backflow down. As a result, a backflow grows
near the wall for the case with r 5 30.

Effects of steric-depleted boundary condition

One could also speculate that the fiber concentration defi-
cit due to steric exclusion would create an upward flow
near the wall and the shear would then reorient the fibers in
such a way that they settle away from the wall. Therefore,
the steric exclusion regions provide a seed for the develop-
ment of the concentration instability. However, Figure 5
shows that the near-wall backflow in the beginning can be
observed even without steric-depleted layer. Thus, the con-
centration deficit due to steric exclusion is not the origin of
the instability.

To understand the effects of steric-depleted boundary con-
dition, the velocity profiles from four cases are displayed in
Figure 13, the solid line is the disturbance velocity of a
homogeneous suspension but with steric-depleted layer, that
is, the velocity solely driven by steric-depleted layer of the
initial condition. The dash-dot line is the velocity of the case
shown in Figure 5a. As the momentum equation solved is
linear in the velocity and the volume fraction, the velocity
field is a superposition of that due to the steric-depleted ini-
tial condition of the volume fraction and that due to the
departure of the volume fraction from the initial condition.
The dotted line is the latter part of the velocity field, that is,
the difference between the results of the second line and first
line. The dashed line is the velocity of the case shown in

Figure 10. Aspect ratio r 5 10 and at t 5 10.

Concentration disturbances of the fibers with />0 (a1

and a1
w ) and /<0 (a2 and a2

w ), see (35). a1 and a2 are

for the case excluding wall-induced motions whereas

a1
w and a2

w include wall-induced motion. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 11. Aspect ratio r 5 10 and at t 5 10.

u: disturbance velocity; fr
/: orientational flux when the

fibers turn through the horizontal; fg
/: orientational

flux when the fibers turn through the vertical. Wall-

induced motions are (a) included and (b) excluded.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Figure 5c, that is, the velocity field obtained using the sim-
plified zero-flux condition, neglecting the steric-depleted
layer. Thus, the volume fraction disturbance, generating the
two latter, quite similar, velocity fields must be essentially
independent of the velocity field at this early point of devel-
opment (recall that for the case of a steric-depleted boundary
condition the total velocity field is not the same as for the
case of simplified boundary condition). In the very begin-
ning, the disturbance velocity mainly consists of the steric-
depleted-induced velocity. However, with time increasing,
the concentration disturbance increases and the velocity
becomes dominated by the concentration-disturbance-
induced velocity. Subsequently, the shear of the velocity
field grows large enough to influence also the orientation of
the particles, and thereby, in the end, the volume fraction as
a result of settling convection. The conditions are similar for
the cases with r 5 10 and smaller diffusivities.

Discussion and Conclusions

We have implemented an Eulerian approach, combined
with a slender body approximation and method of images
for the fibers relative motion, to investigate the convection
near the sidewall in a settling fiber suspension. The results
show that the near-wall convection and the mechanism of its
generation are different from the intrinsic convection in the
sedimentation of sphere suspensions. In sphere suspensions,
the convection is due to the buoyant, steric depletion layer
in the immediate neighborhood of the wall.6 However, in
fiber suspensions, the thin steric depletion layer is of second-
ary importance. Inhomogeneities of larger scale appear in
the fiber suspension as a result of the horizontal settling
component of the fibers, whose net effect for all different
orientation angles is a result of the fibers hydrodynamic
interaction with the wall and diffusion.

The width of the vessel is chosen to be large enough that
the two sidewalls do not affect each other significantly dur-
ing the simulations. In an initially quiescent and well-mixed
suspension of settling fibers, the near-wall convection is
always observed to be upward in the beginning, regardless
of the chosen diffusivity and aspect ratio of fibers, which
indicates its intrinsic nature. However, at later times, the

near-wall direction of the convection depends on the aspect
ratio, and also the translational diffusivity in the model.

For the case with large aspect ratio (r 5 30 in this work),
the backflow continues to grow near the sidewall, where a
steric-depleted layer adjacent to the wall and an extended
outer hydrodynamically depleted region are found (Figure
4). The steric-depleted layer originates from the impenetra-
bility of a rigid fiber through a solid wall, which in sphere
suspensions is the cause of the intrinsic convection. How-
ever, in fiber suspensions, a near-wall backflow is still
observed even when the steric-depleted layer is eliminated
artificially (Figure 5). This indicates that actually the hydro-
dynamically depleted region is the main cause of the near-
wall backflow. In a quiescent suspension, fibers settle
according to their orientation and there is also a diffusive
flux when concentration gradients appear. Thus, the forma-
tion of the hydrodynamically depleted region is elucidated
by a detailed analysis of this convection-diffusion

Figure 12. As for Figure 6 but with aspect ratio r 5 10.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 13. Aspect ratio r 5 30 and at t 5 10.

(–): disturbance velocity is solely driven by the steric-

depleted layer of the initial condition; (2 �2): disturb-

ance velocity is calculated based on the full equations

and steric-depleted boundary condition, that is, the

case shown in Figure 5a; (� � �): the difference between

the results of the second line and the first line. (– –):

disturbance velocity based on the full equations and

no-flux boundary condition, that is, the case shown in

Figure 5b.
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mechanism, in which fibers are classified according to the
directions they drift. It is found that the accumulation of
fibers drifting toward the wall dominates in a narrow region
next to the wall where the concentration is strongly
increased, whereas the depletion of fibers drifting away from
the wall dominates in a wider region further away from the
wall where the corresponding decrease of concentration is
relatively weaker (Figure 6). Thus, it is the buoyancy of this
hydrodynamically depleted region which generates the back-
flow. Applying a smaller translational diffusivity (Figure 7),
the depleted region is narrower with a weaker backflow and
with time the near-wall backflow eventually disappears.
Instead, a near-wall downward flow can be observed. How-
ever, when the wall-induced motions are not included in the
simulations, the backflow near the wall is always obtained
regardless of the diffusivities. Thus, the reason of the rever-
sion of the near-wall convection is related to the wall-
induced motions.

This is confirmed when adopting a smaller aspect ratio

(r 5 10 in this work). Due to the fiber-wall interaction, for

example, by a “glancing” or “reversing” turn, a fiber drifting

toward the wall is rotated into an angle for which fiber set-

tling is away from the wall (Figure 11). Thus, the depletion

of fibers initially drifting away from the wall with orienta-

tion / < 0 is replenished by the turning of new fibers into

this orientation. As a result, the concentration disturbances

of the two classified kinds of fibers are highly reduced and

the gradients of the concentration disturbances become

smaller. Therefore, the effects of diffusion are also reduced

(Figure 10). Additionally, the total concentration is weakly

decreased in the vicinity of the wall but increased outside

owing to the turning-away fiber-wall interactions. Thus, the

near-wall backflow is correspondingly weaker and the out-

side fiber-rich region weakens the backflow further. With

time increasing, the fiber-rich region drives a downward flow

which drags the near-wall flow downward. Eventually, the

backflow vanishes whereas the near-wall depletion still exists

(Figure 8). However, fibers falling near a sidewall with sig-

nificantly large aspect ratio, rotate more slowly and conse-

quently tend to accumulate near the wall rather than turning

away from it as they approach the wall. Thereby, the

convection-diffusion mechanism described above dominates

the evolution at large enough aspect ratio.
We also illustrate that the steric-depleted boundary condi-

tion is not critical in the generation and evolution of the
near-wall convection (Figure 13).

Finally, we address the possible extension of the model to
3-D flow applications. A difficulty arises here as the Fokker–
Plank equation is formulated in both physical and orienta-
tional space. Thus, we have a time dependent problem in
five dimensions. Implementing this into a commercial soft-
ware is not a standard feature and the computational effort
might be quite heavy if details of the flow field and fiber ori-
entation are wanted. One way to reduce the computational
effort is to reduce the problem to the standard three space
dimensions by considering only a limited number of
moments of the orientation distribution function in each
point and time instant. Closure approximations for such
structure functions, that is, the orientations tensors, are avail-
able in the literature, see for example, Advani and Tucker.31

From the Fokker–Plank equation, a set of evolution equa-
tions can be derived for the orientation tensors, which then
would be solved in parallel with the Navier–Stokes equa-

tions. An approximation to the orientation distribution can
then be reconstructed from these orientation tensors. In the
development of such an engineering tool, the present two-
dimensional results for fibers settling next to a wall could
serve as a valuable basic test case for validation purposes.
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